A multipoint inverse method has been developed for the design of multielement airfoils with desired velocity distributions in incompressible potential How. The method uses an isolated-airfoil, multipoint, inverse code to generate each element of the multielement airfoil and a two-dimensional panel method to analyze the multielement airfoil. Through Newton iteration, the variables associated with the design of the elements in isolation are adjusted to achieve desired multielement velocity distributions. As the paper demonstrates, changes in the velocity distributions over the elements in isolation result in remarkably similar changes in the velocity distributions over the corresponding elements of the multielement airfoil. This similarity results in two key features of the design method: 1) the use of the isolated airfoil velocity distributions as design variables to achieve desired distributions over the multielement airfoil, and 2) the calculation of the gradient information for the Newton iteration during the design of the isolated airfoils rather than by several panel-method analyses, resulting in substantial savings in computation time. The method thus allows rapid interactive design of multielement airfoils with desired velocity distributions, which can then be analyzed using more computationally demanding viscous codes.
T HE need for a practical inverse design method for multielement airfoils has been recognized for several decades. 1 ' 2 Methods currently in existence are based on distribution of singularities, 3 - 5 conformal mapping, 6 -8 or optimization
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• Several of these methods, however, are singlepoint methods that allow for the desired performance, e.g., velocity distribution, to be achieved at only one design point, whereas the performance at other operating points is determined by postdesign analysis. A multipoint design method, on the other hand, is capable of controlling the performance at several operating points simultaneously during the actual design effort. Airfoil design through optimization formulations can allow for multipoint design.
• However, in spite of the significant strides made in inexpensive computation of sensitivities for the optimization 9 and simultaneous flowfield/designparameter updating, such methods are usually computationally demanding, and the objective functions are difficult to define. Therefore, a need exists for computationally less expensive methods for rapid interactive design of multielement airfoils. Such rapid interactive methods have proven invaluable in the design of isolated airfoils and infinite cascades.
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These experiences have provided the impetus to develop such a multipoint inverse method for multielement airfoils.
While the multipoint inverse methods for isolated airfoil design have been successfully based on conformal mapping and are widely used, the application of conformal mapping to the design of multielement airfoils has been less successful. Examples of methods that use conformal mapping for the design/analysis of multielement airfoils are those documented in Refs. 6-8 and 14-17. The method of James 6 for inverse design of two-element airfoils, where the flow around a twoelement airfoil is mapped to the annulus between two cylinders, is a single-point design method and cannot handle more than two elements. The method of Ref. 7 is restricted to the design of a slat for a given main element. Reference 8, which builds on the analysis work of Ref. 14, shows some of the daunting challenges in developing a general multielement inverse design method based on conformal mapping. Even the more straightforward analysis problem via conformal mapping is difficult to formulate and solve. 15 -17 Thus, it is believed that the mathematical challenges related to applying conformal mapping to multielement airfoil flows will continue to impede progress along these lines.
The current inverse design method uses a novel hybrid approach to avoid the difficult problem of solving the mathematical inverse problem via conformal mapping techniques, while still retaining the power and flexibility offered by the use of conformal mapping in isola.ted airfoil design. This is done by coupling an isolated-airfoil inverse-design code 18 • 19
(PROFOIL), which is based on conformal mapping, with a two-dimensional panel method for analysis of multielement airfoils 20 ' 21 (MCARF). The isolated airfoil design method is used to design in isolation each element of the multielement airfoil, and the panel method is used to analyze the resulting multielement airfoil. The design variables associated with the isolated airfoil design are then adjusted using Newton iteration to achieve specified inviscid velocity distributions on the multielement airfoil.
The following section describes the design method, followed by details of the Newton iteration procedure. The capabilities of the method are then demonstrated through two examples.
Design Methodology
The design methodology is illustrated using a baseline twoelement airfoil as an example. It is emphasized that this and all of the remaining airfoils presented in this paper merely serve as examples and are not intended for any application. Figure 1 shows the baseline two-element airfoil at two operating conditions. (The relatively large flap element avoids small graphics, which otherwise would be hard to discern in the figures that follow.) The first operating condition corresponds to a multielement airfoil C, of 2.0 with a flap deflection of 20 deg, and the second operating condition corresponds to a multielement airfoil C, of 2.5, with a flap deflection of 30 deg. For this example, two cases are considered. The first case focuses on a segment on the upper surface of the main element (denoted by segment m in Fig. 1 ) at the first operating condition, and the second case focuses on a segment on the lower surface of the flap (denoted by segment f in Fig. 1) at the second operating condition. Figure 2 shows an overview of the current design method. First, the individual elements of the multielement airfoil are generated using PROFOIL (step 1). In the method, each airfoil is divided into several segments. Because PROFOIL is a multipoint inverse design method, the velocity difference .:1 V over any segment at some specified C, (for the airfoil in isolation) can be prescribed during the design of the isolated airfoil. Figure 3 illustrates the definition of .:1 V as used in this paper. Additional specifications may include the desired trailing-edge shapes, maximum thickness ratio for each element, and the pitching moment coefficient for each airfoil in isolation.
The resulting airfoils are then scaled and positioned according to the specified geometry for the operating points under consideration (step 2). The multielement airfoil is then analyzed at the various operating points using MCARF (step 3). The in viscid velocity difference .:1 VME on the segments of the multielement airfoil, resulting from the MCARF analysis, are then compared with the corresponding specifications (step 4). It is unlikely, however, that these .:1 VME values will match the specifications. To achieve the desired values of .:1 VME• the isolated airfoil velocity difference .:1 VIE over each segment is adjusted using a Newton iteration scheme to achieve the desired multielement velocity difference .:1 VME over the corresponding segments (steps 5 and 6). The isolated airfoil C, at which the velocity difference .:1 VIE is evaluated is determined by the requirement that the stagnation points on the isolated airfoil and on the corresponding element of the multielement airfoil occur at the same geometric location for the multielement operating point under consideration. This requirement is necessary, particularly, when considering segments close to the leading edges of the elements.
As illustrated in Fig. 2 , the method permits the designer to consider more than one arrangement of the different elements of the multielement airfoil. Thus, certain segments of the multielement airfoil can be designed for one value of C" while simultaneously other segments can be designed for some other value of C 1 , and a third set of segments can be designed for a different location of the flap at a third C 1 • This approach provides multipoint design capability to the designer. In the current design method, the multielement analysis using MCARF is done in the inviscid mode. It is recognized that viscous considerations have a significant effect on the multielement airfoil performance. However, a design method that achieves a desired inviscid velocity distribution is often the first step in a process that, when combined with more computationally intensive viscous codes, can be used to design airfoils with a desired viscous behavior.
The following example demonstrates the effectiveness of using the isolated airfoil velocity difference .:1 VIE over a segment to control the multielement velocity difference .:1 VME over the corresponding segment. For this demonstration, the baseline two-element airfoil of Fig. 1 is reconsidered, and the same two cases (operating conditions/segments) are examined. In each case, the d VrE over the segment is varied to study its effect on the multielement airfoil velocity distribution, in particular, the d V ME over the corresponding segment. three isolated airfoils and the corresponding main elements illustrates the remarkable similarity in the trends for the three distributions. These results reveal that the isolated airfoil velocity distribution is an effective control for the velocity distribution on the corresponding element of the multielement airfoil.
Figures 5a and 5b show the results of varying d VIE./ for the segment on the lower surface of the flap for the second operating condition, with the main element left unchanged. In this case, the velocity distributions for the main and flap elements (Fig. 5b) correspond to the second operating condition. Again, the similarity in trends between the velocity distributions on the three isolated airfoils and on the corresponding flap elements is striking. 
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These results clearly show the effectiveness of using ..i Vm for a segment in controlling the ..i VME for the corresponding segment. The results also show that a multidimensional Newton iteration scheme (described in greater detail in the following section) can be used to achieve desired values of ..i VME for a segment by using ..i VlE for the corresponding segment as a design variable.
Newton Iteration
Typically, a system of n nonlinear equations can be solved by an n-dimensional Newton iteration, where a matrix equation is solved during each step of the iteration. In the notation used in Ref. 22, this matrix equation can be written as
where F is an n-dimensional vector containing the residuals of the functions f to be zeroed, & is the n-dimensional vector containing the corrections required to the n design variables x, to bring the vector F closer to zero, and J is the n X n Jacobian of the system containing the gradient information. For each step of the iteration, F and J are determined, and & is computed using Eq. (3). The corrections are then applied to the design variables to bring the residuals closer to zero.
Consider now, the example of Figs. 4a and 4b , where the velocity difference over a segment on the isolated main element airfoil is adjusted to achieve a desired value of the velocity difference over the corresponding segment on the main element. If this desired velocity represents the ith nonlinear equation of a larger system of n equations (for n specifications), then the residual, gradient, and correction can be expressed as (4) (5) (6) where v'" is the desired value of the velocity difference over the segment m on the main element.
It is seen that to compute J, one would have to evaluate the gradients numerically using a panel method. For instance, in the preceding scheme, a small perturbation is made to ..i VIE,m• and the resulting change in ..i VME,m is determined from a panelmethod analysis. In general, for an n-dimensional Newton iteration, a panel-method analysis would have to be performed n times to determine the Jacobian for a single step in the iteration.
One major shortcoming of this approach is that calculating the Jacobian by repeated panel-method analyses is computationally very expensive, with the cost increasing with an increasing number of design variables and elements of the multielement airfoil. This cost can, however, be significantly reduced by not recomputing the influence coefficient matrix (which determines the influence of the vorticity on one panel on the flow conditions at another panel) during the gradient evaluations. Nevertheless, a method that can bypass having to perform several panel-method evaluations is likely to be computationally less expensive than the approach previously described. It is therefore worthwhile searching for an alternative scheme to compute the Jacobian without using the panel method.
With this objective in mind a re-examination of Fig. 6 reveals vital clues related to the development of an alternative scheme for computing the gradient information. As discussed earlier, the trends depicted in Fig. 6 show that a perturbation to ..i VIE for a segment results in a change in ..i VME (for the corresponding segment) in the same direction. If we consider segment m, the gradient CJAVME.mlilAVm,m is always positive and approximately equal to unity. · Therefore, the high cost associated with obtaining gradient information through the panel method can be bypassed by instead obtaining the approximate gradient information using the isolated airfoil velocity difference over the segments being considered. In other words, if Ym is any design variable associated with the design of the main element airfoil, the gradient is CJAVME,m = CJAVME,m iJAVm,m ay '" aAVm.m ay'"
If we make the approximation that CJAVME.m/CJAVIE.m "" 1, then Eq. (7) becomes CJAVME,m , CJA VIE,m aym aym (8) and similarly CJAVMEJ = iJAVmJ ayt ayt (9) These approximations to the gradients a A VIE,m/aym and a A VIE.tfily 1 can now be computed directly during the design of the isolated airfoil for the element under consideration, making it unnecessary to use the panel method for gradient calculations. Instead, the gradient information is determined through the rapid conformal mapping method used to generate the isolated airfoils. The savings in computation time resulting from the use of the approximate method of computing the gradient can be understood by comparing the CPU times for the two methods. The panel method, MCARF, typically took approximately 3.5 s for analysis of a two-element airfoil at a specified value of C,. On the other hand, computing a single gradient using the conformal mapping method typically took just 0.035 s (100 times faster).
By not using the panel method for computing the Jacobian, the terms coupling the main and flap elements remain uncomputed. In other words, for a design variable associated with the main element, y,., the gradient iJaVME.f/iJym Can be COmputed only by using the panel method. This gradient can be expressed as a a vME.t _ a a vME.t a a vlE.m ilym -a a VJE.m ilym (10) Using Eqs. (2a) and (2b), however, we can make the approximation that iJaVME . .r/iJYm = 0 and iJaVME,m/iJyf = 0.
Thus, in the present method, the Jacobian is computed directly during the design of the isolated airfoils for the elements of the multielement airfoil. The panel-method evaluation is necessary only for computing the residuals F, reducing the number of panel-method analyses from n + 1 to 1 for each step of the Newton iteration.
To examine these effects in greater detail, the Jacobian can be partitioned into four submatrices, viz., (11) The submatrices l,nm and JJJ contain the gradient information on the effect of perturbing a design variable associated with an isolated airfoil on the velocity distributions over the corresponding element of the multielement airfoil. The submatrices lmf and 1 1 m are the cross-coupling terms, which contain information such as those obtained by perturbing a design variable associated with the isolated airfoil of the main element on the velocity distribution over the flap element.
In the present method, 1~ and JJJ are computed directly using PROFOIL, 18 ' 19 and lmf and Jfm are set to zero. The justification is that the 1~ and JJJ submatrices have a much stronger contribution in driving the iterations than do Jmf and For example, Fig. 4b shows that while the variation in a VIE over a segment on the main element affects the velocity distribution on the flap, the velocity gradient on the flap is altered only slightly-in this example, over a small region near the leading edge, and on the upper surface from approximately 0.60 to 0.90c of the flap. If these changes tend to drive the velocity gradient away from any specified values for these regions, the a VIE over these regions is adjusted to counter the effect and bring the velocity gradient back toward the specified values. This adjustment is done automatically by the Newton iteration.
Further reduction in computation time is achieved by observing that the Jacobian changes little as the desired solution is approached. 23 In the present implementation, the Jacobian is assumed to have converged when the maximum change in any element of the Jacobian between any two iterations is less than l %. For further iterations, the Jacobian is not recomputed, resulting in savings in computation time.
Demonstration of the Method
The following two examples demonstrate the effectiveness of the present method in achieving specified inviscid velocity distributions on multielement airfoils. The first example demonstrates the capability of the Newton iteration scheme to converge even when there is strong coupling between the elements of a multielement airfoil. For this example, a baseline twoelement airfoil (with a main and slat element) is considered at just one operating condition, corresponding to a C, of 2.0, and the geometry shown in Fig. 7 .
Two specifications are imposed on this airfoil: 1) A linear variation of 0.2 in the velocity is specified for the segment m on the upper surface of the main element, close to the leading edge.
2) A linear variation of 0.0 in the velocity is specified for the segment s on the lower surface of the slat element. Figures Sa and 8b show the changes in a VME.m and a VME.
• resulting from perturbations to a vlE.mo with a VIE,, kept unchanged at 0. Similarly, Figs. 8c and 8d show the changes in avME.m and avME.
• resulting from perturbatiOnS tO avJE,, With a VIE.m kept unchanged at 0. From Figs. 8b and 8c , it is seen that the gradient aavME.,/iJaVIE.m = -0.13 and iJaVME.n.l a a VIE.• = 0.35. This behavior is a result of the strong crosscoupling effect, arising as a result of the two segments being relatively close to each other. However, if these gradients are not evaluated using the panel method, they are both approximated to 0 during the iteration process.
Despite these approximations, the method is successful in satisfying the specifications in the velocity difference. This success is illustrated in Fig. 9 , where the final velocity distri- bution for the multielement airfoil at the operating condition is shown along with the specifications in the velocity difference over the two segments in consideration. Also plotted in Fig. 9 is the velocity distribution resulting from 11 VIE.m = 0.06 and 11 VIE.s = 0.04, which were used as initial values to start the Newton iteration. Identical results are obtained when the panel method, MCARF is used for sensitivity computations. However, the CPU time is 905 s, which is more than six times higher than the CPU time of 134 s when PROFOIL is used for sensitivity computations. This comparison shows that, even for this simple example with just two segments under consideration, computing the approximate Jacobian using the much faster isolated airfoil design method is preferable.
The second example illustrates the multipoint capability of the method. In this example, a two-element airfoil is considered at three operating conditions. For the first two operating conditions, the flap is deflected 5 deg down relative to the main element chord line, and for the third operating condition the flap is deflected 20 deg down and is positioned further aft as compared with the 5-deg flap case. Figure 10 illustrates the locations of the elements at the three operating conditions. It must be emphasized that the airfoil shapes of the elements are not known a priori and are obtained only after the design specifications are satisfied.
The following specifications are imposed on the velocity distribution over the multi-element airfoil:
I) For the first operating condition (Sf= 5 deg), a multielement airfoil C 1 of 1.2 is considered and a linear variation in the velocity is specified over a portion of the upper surface, from 0.45 to 0.82c, of the main element (details are shown later).
2) For the second operating condition (Sf= 5 deg), a multielement airfoil C 1 of 0.5 is considered and a linear variation of velocity is specified over a portion of the lower surface, from 0.28 to 0.65c, of the main element.
3) For the third operating condition (Sf= 20 deg, with the flap moved further aft), a multielement airfoil C1 of 2:0 is ~o~ sidered and two specifications are made on the velocity distribution for the upper surface of the flap-constant velocity is specified over one portion (from 0.05 to 0.34c) and a linear variation is specified over another portion (from 0.54 to 0.82c) on the upper surface of the flap. . The specification made on the 11 VME for a seg~ent IS calculated from the velocities at the segment endpomts. Thus, there is no specification on the variation in velocity between the endpoints. Therefore, to accurately achieve a specification in the velocity distribution over a large region of a multielement airfoil, the region can be subdivided into several smaller segments. For this reason, the four regions for the multielement airfoil have been divided into a total of 15 segments. Figure 11 shows the resulting airfoil shapes and the velocity distributions at the three operating conditions along with the velocity distributions for the initial airfoil shapes shown in Fig.  10 which were used to start the Newton iteration. Also shown in ' Fig. II are the velocity specifications in the four regions. As can be seen, one of the four regions is on the upper surface of the flap, close to the leading edge, where strong interactions between the elements can be expected. The method is, however, able to successfully satisfy all of the specifications. Close inspection of the numerical solution reveals that for the re- gion on the upper surface of the flap close to the leading edge, while the specified distributions are satisfied at the segment endpoints, there are small, but nevertheless noticeable waves between the endpoints. (These waves cannot be seen in Fig.  11 .) The designer can, however, achieve the specifications in the velocity distributions to any desired tolerance by dividing each portion of the airfoil into a greater number of segments. The four specified velocity distributions outlined earlier are not the only specified quantities in the design. The additional.specifications include the desired trailing-edge shapes, maximum thickness ratio for each element, and the pitching moment coefficient for each airfoil in isolation. The method achieves all of these specifications using the multidimensional Newton iteration described earlier. These additional details related to the generation of the main and flap elements can be found in Refs. 18 and 19. As a result of using the conformal mapping method instead of the panel method for computing the gradient informatio~, the CPU time drops precipitously from 16,586 to 520 s (32 times faster), with no change in the final results. This reduction in CPU time is because of a reduction in the number of required panel-method evaluations, which drops from 4743 to just 131. This example clearly demonstrates the significance of not using the panel method for computing the gradient information.
Finally, although the multielement airfoil examples used in this paper consists of two elements, the method and the code can be readily used for the design of several elements at arbitrary locations (multiple flaps and slats). This makes the method useful in a wide variety of applications.
Conclusions
A multipoint design method for multielement airfoils has been developed. The method allows the designer to specify desired inviscid velocity distributions over the multielement airfoil in a multipoint fashion by coupling an isolated airfoil multipoint design code with a panel method. The isolated airfoil code is used to generate the airfoil shape for each element of the multielement airfoil, and the panel method is subsequently used to analyze the resulting multielement airfoil. Through Newton iteration, the variables associated with the design of the isolated airfoils are adjusted to achieve desired velocity gradients over the multielement airfoil.
The paper discusses an important observation on the similarity in trends in the change in velocity gradients for an airfoil in isolation and as a part of a multielement airfoil. This observation is used to great effect to arrive at two key features of the method: 1) the use of the isolated airfoil velocity distributions as design variables to achieve desired velocity distributions over the multielement airfoil and 2) a scheme to compute gradient information for the Newton iteration during the design of the isolated airfoils rather than by several panelmethod analyses. These two features make the method highly efficient, thereby allowing for rapid interactive design of multielement airfoils.
As the examples demonstrate, the method provides the capability to specify different inviscid velocity distributions over different portions of the airfoil, not only at multiple values of the lift coefficient, but also at multiple locations of the elements of the multielement airfoil. Thus, the method is particularly suited to achieving desired inviscid behavior prior to using more computationally intensive codes to analyze the viscous behavior. Also, by the addition of an integral boundarylayer method, it is conceivable that the current method can be extended to handle viscous inverse design of multielement airfoils.
